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Abstract. For a bounded right linear operators A, in a right quaternionic
Hilbert space Vi, following the complex formalism, we study the Berbe-
rian extension A°, which is an extension of A in a right quaternionic
Hilbert space obtained from Vif*. In the complex setting, the important
feature of the Berberian extension is that it converts approximate point
spectrum of A into point spectrum of A°. We show that the same is
true for the quaternionic S-spectrum. As in the complex case, we use
the Berberian extension to study some properties of the commutator of
two quaternionic bounded right linear operators.
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1. Introduction

In 1962 Berberian extended a bounded linear operator A on a complex Hilbert
space X to an operator A° on a complex Hilbert space obtained from X. An
important feature of this extension is that it converts approximate point
spectrum of A into point spectrum of A° [3]. This extension is also a useful
tool in studying the spectrum of commutator of two bounded linear operators
[11].

In the complex theory this extension goes as follows. Let X be a com-
plex Hilbert space. Let {°°(X) denotes the space of all bounded sequence
of elements of X, and let ¢o(X) denote the space of all null sequences in
X. Endowed with the canonical norm, the space X = [°(X)/co(X) is a
Hilbert space into which X can be isometrically embedded. Every operator
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A € B(X), the set of all bounded linear operators on X, defines by com-
ponent wise action an operator on {*°(X) which leaves ¢o(X) invariant, and
hence induces an operator A° € B(X). It is immediate that A° is an exten-
sion of A when X is regarded as a subspace of X, and that the mapping that
assigns to each A € B(X) its Berberian extension A° € B(X) is an isometric
algebra homomorphism.

In this note we shall study the Berberian extension of a quaternionic
right linear operator A on a right quaternionic Hilbert space and show that
the approximate point S-spectrum of A coincides with the point S-spectrum
of the Berberian extension A°. Following the complex formalism given in [11],
we shall also study certain S-spectral properties of the commutator of two
quaternionic bounded right linear operators.

In the complex setting, in a complex Hilbert space or Banach space $),
for a bounded linear operator, A, the spectrum is defined as the set of complex
numbers A for which the operator Q(A) = A — Mg, where Ig is the identity
operator on ), is not invertible. In the quaternionic setting, let Vif* be a
separable right quaternionic Hilbert space or Banach space, A be a bounded
right linear operator, and Rq(A) = A? — 2Re(q)A + |q\2HVHR, with q € H, the
set of all quaternions, be the pseudo-resolvent operator. The S-spectrum is
defined as the set of quaternions q for which Rq(A) is not invertible. The
notion of S-spectrum was introduced in 2006 by Colombo and Sabadini. The
discovery and the importance of this spectrum is well explained in [6]. Further
developments on the theory of S-spectrum can be found in the book [7]. In the
complex case various classes of spectra, such as approximate point spectrum,
surjectivity spectrum etc. are defined by placing restrictions on the operator
Qx(A). In this regard, in the quaternionic setting, these spectra are also
defined by placing the same restrictions to the operator Rq(A) [12,14].

Due to the non-commutativity, in the quaternionic case there are three
types of Hilbert spaces: left, right, and two-sided, depending on how vectors
are multiplied by scalars. This fact can entail several problems. For example,
when a Hilbert space H is one-sided (either left or right) the set of linear
operators acting on it does not have a linear structure. Moreover, in a one
sided quaternionic Hilbert space, given a linear operator A and a quaternion
q € H, in general we have that (qA)T # gAT (see [13] for details). These
restrictions can severely prevent the generalization to the quaternionic case
of results valid in the complex setting. Even though most of the linear spaces
are one-sided, it is possible to introduce a notion of multiplication on both
sides by fixing an arbitrary Hilbert basis of H. This fact allows to have a linear
structure on the set of linear operators, which is a minimal requirement to
develop a full theory.

2. Mathematical Preliminaries

In order to make the paper self-contained, we recall some facts about quater-
nions which may not be well-known. For details we refer the reader to [1,10,
15].
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2.1. Quaternions

Let H denote the field of all quaternions and H* the group (under quaternionic
multiplication) of all invertible quaternions. A general quaternion can be
written as

q=qo+ qi+qj+ak, q,q,9,93¢cR,

where i,j,k are the three quaternionic imaginary units, satisfying i2 = j? =
k? = —1 and ij = k = —ji, jk = i = —kj, ki = j = —ik. The quaternionic
conjugate of q is

q=qo—iq1 — jg2 — kgs,

while |q| = (q§)"/? denotes the usual norm of the quaternion g. If q is non-zero
element, it has inverse q~! = #

2.2. Quaternionic Hilbert Spaces

In this subsection we discuss right quaternionic Hilbert spaces. For more
details we refer the reader to [1,10,15].

2.2.1. Right Quaternionic Hilbert Space. Let V]HII% be a vector space under
right multiplication by quaternions. For ¢,¢,w € Vi and q € H, the inner
product

(1 Vil Vi E

satisfies the following properties

(1) (@[ )vr =@ [ d)yr

(ii) ||¢||%/HR = (¢ | ¢)y,r > 0 unless ¢ = 0, a real norm

(i) (¢ | ¥ +w)yr = (| V)yr + (D] w)yr
(iv) (¢ | Ya)yr = (¢ | ¥)yrq
(V) (da | ¥)yr =a(¢ [ P)yr

where q stands for the quaternionic conjugate. It is always assumed that
the space Vif' is complete under the norm given above and separable. Then,
together with (- | '>VL§ this defines a right quaternionic Hilbert space. Quater-
nionic Hilbert spaces share many of the standard properties of complex
Hilbert spaces. Every separable quaternionic Hilbert space posses a basis. It
should be noted that once a Hilbert basis is fixed, every left (resp. right)
quaternionic Hilbert space also becomes a right (resp. left) quaternionic
Hilbert space [10,15].

The field of quaternions H itself can be turned into a left quaternionic
Hilbert space by defining the inner product (q | ¢’) = qq’ or into a right
quaternionic Hilbert space with (q | q') =qq’.

3. Right Quaternionic Linear Operators and Some Basic
Properties

In this section we shall define right H-linear operators and recall some basis
properties. Most of them are very well known. In this manuscript, we follow
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the notations in [2,10]. We shall also recall some results pertinent to the
development of the paper.

Definition 3.1. A mapping A : D(A) C Vi — Vi, where D(A) stands for
the domain of A, is said to be right H-linear operator or, for simplicity, right
linear operator, if

A(da + ¢vb) = (Ap)a + (A)b, if ¢, ¢ € D(A) and a,b € H.

The set of all right linear operators from Vi to Vif* will be denoted by
L(V;E) and the identity linear operator on Vi will be denoted by Iy r. For a
given A € L(Vif), the range and the kernel will be

ran(A) = {Y € Vit | Ap =+ for ¢ € D(A)}
ker(A) = {¢p € D(A) | Ap = 0}.
We call an operator A € L(Vif) bounded if
[All = sup [[Ag]lyz < oo, (3.1)

léllyr=1
or equivalently, there exist K > 0 such that [|[A¢|yr < K¢y for all

¢ € D(A). The set of all bounded right linear operators from Vi to Vit will
be denoted by B(Vi?).

Assume that Vi* is a right quaternionic Hilbert space, A is a right linear
operator acting on it. Then, there exists a unique linear operator Af such that

(V] A¢>VHR = <AT1/J | ¢>VHR; for all p € D(A), ¢ € D(AT)7 (3.2)
where the domain D(AT) of AT is defined by
D(AT) = {¢ € Vi§' | o such that (¢ | Ad)yr = (¢ | P)yr}-

Proposition 3.2. [10] Let A, B € B(V{f) then

(a) (A+ B) = AT + BT.

(b) (AB) = BT AT,

We shall need the following results which are already appeared in [10,

12).
Proposition 3.3. Let A € B(Vif). Then

(a) ran(A)*+ = ker(AT).

(b) ker(A) = ran(AT)*.

(¢) ker(A) is closed subspace of Vi.

Theorem 3.4. [12] (Bounded inverse theorem) Let A € B(ViE), then the fol-
lowing results are equivalent.

(a) A has a bounded inverse on its range.
(b) A is bounded below.
(c) A is injective and has a closed range.

Proposition 3.5. [12] Let A € B(Vi{®). Then,
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(a) A is invertible if and only if it is injective with a closed range (i.e.,
ker(A) = {0} and ran(A) = ran(A)).
(b) A is left (right) invertible if and only if At is right (left) invertible.

Proposition 3.6. [12] A € B(ViF) is surjective if and only if A is right invert-
ible.

Proposition 3.7. A € B(Vi®) is injective if and only if A is left invertible.

Proof. From point (b) of Proposition 3.5, point (b) of Proposition 3.3, and
Proposition 3.6, we have, A is left invertible < A is right invertible <
ran(Af) = Vi < ker(A) = {0}. This completes the proof. O

3.1. Left Scalar Multiplications on Vi

We shall extract the definition and some properties of left scalar multiples of
vectors on Vi from [10] as needed for the development of the manuscript.
The left scalar multiple of vectors on a right quaternionic Hilbert space is
an extremely non-canonical operation associated with a choice of preferred
Hilbert basis. Since Vi is a separable Hilbert space, Vi has a Hilbert basis

O=1{pr | ke N}, (3.3)

where IV is a countable index set. The left scalar multiplication on Vﬁf’/ induced
by O is defined as the map H x Vi 5 (q,¢) — q¢ € Vi given by

b =Y eraler | dhvp, (34)

keEN
for all (q,¢) € H x Vi

Proposition 3.8. [10] The left product defined in the Fq. 3.4 satisfies the fol-
lowing properties. For every ¢,v € Vi& and p,q € H,

(a) q(¢ +v) = ab + qb and q(dp) = (q9)p.
(b) llagllve = lalllollvz-

(c) a(pp) = (ap)¢.

(d) (G | )yr = (¢ [ q)yr.

(e) r¢ = ¢r, for allr € R.

(f) apr = ¢ra, for allk € N.

Remark 3.9. (1) The meaning of writing p¢ is p - ¢, because the notation
from the Eq. 3.4 may be confusing, when V}IH% = H. However, regarding
the field H itself as a right H-Hilbert space, an orthonormal basis O
should consist only of a singleton, say {¢o}, with | ¢o |= 1, because
we clearly have 6 = ¢g(pg | 0), for all § € H. The equality from (f)
of Proposition 3.8 can be written as ppy = ¢op, for all p € H. In fact,
the left hand may be confusing and it should be understood as p - g,
because the true equality pypo = @op would imply that pg = +1. For
the simplicity, we are writing p¢ instead of writing p - ¢.

(2) Also one can trivially see that (p + q)¢ = po + q¢, for all p,q € H and
¢ € Vi
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Furthermore, the quaternionic left scalar multiplication of linear oper-
ators is also defined in [5,10]. For any fixed q € H and a given right linear
operator A : Vift — Vi, the left scalar multiplication of A is defined as a
map qA : Vi — ViE by the setting

(a4)¢ == q(Ad) = > wralvr | Ad)yz, (3.5)
keN

for all ¢ € Vi Tt is straightforward that qA is a right linear operator. We can
define right scalar multiplication of the right linear operator A : Vi — Vi
as a map Aq : Vi — Vi by the setting

(Aq)¢ := A(ag), (3.6)
for all ¢ € Vi, Tt is also right linear operator. One can easily see that
(qA)T = ATq and (Aq)" = gAT. (3.7)

3.2. S-spectrum
For a given right linear operator A : D(A4) C Vi — V;& and q € H, we
define the operator Rq(A) : D(A?) — H by
Rq(A) = A? — 2Re(q)A + |CI|2]IVE{%

where q = qo + iq1 + jg2 + kg3 is a quaternion, Re(q) = ¢y and [q]* =
a5 +ai + a3 + a3

In the literature, the operator is called pseudo-resolvent since it is not
the resolvent operator of A but it is the one related to the notion of spectrum

as we shall see in the next definition. For more information, on the notion of
S-spectrum the reader may consult e.g. [4,5,9,10].

Definition 3.10. Let A : D(A) C Vil — Vi be a right linear operator. The
S-resolvent set (also called spherical resolvent set) of A is the set pg(A) (C H)
such that the three following conditions hold true:

(a) ker(Rq(A)) = {0}
(b) ran(Rq(A)) is dense in Vift.
(¢) Rq(A)~! :ran(R4(A)) — D(A?) is bounded.
The S-spectrum (also called spherical spectrum) og(A) of A is defined by

setting og(A) := H \ ps(A4). For a bounded linear operator A we can write
the resolvent set as

ps(A) = {q € H | Ry(A) has an inverse in B(Vi)}
— {q € H | ker(Ry(A)) = {0} and ran(Ry(A)) = Vi)
and the spectrum can be written as
os(A) = H\ps(4)
= {q € H | Ry(A) has no inverse in B(V;{")}
={q € H | ker(Rq(A)) # {0} or ran(R,4(A))# Vi'}.

The spectrum og(A) decomposes into three major disjoint subsets as follows:
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(i) the spherical point spectrum of A:

ops(A) = {q € H | ker(Rq(A)) # {0}}.

(ii) the spherical residual spectrum of A:

ors(A) == {g € H | ker(Ry(A)) = {0},ran(Rq(A4)) # Vif' }.

(iii) the spherical continuous spectrum of A:

oes(A) = {a € H | ker(Rq(A)) = {0}, ran(Rq(A)) = Vif', Rq(4) ™" ¢ B(VA) }.

If Ap = ¢q for some q € H and ¢ € Vi~ {0}, then ¢ is called an eigenvector
of A with right eigenvalue q. The set of right eigenvalues coincides with the
point S-spectrum, see [10], Proposition 4.5.

Proposition 3.11. [8,10] For A € B(V;if'), the resolvent set ps(A) is a non-
empty open set and the spectrum os(A) is a non-empty compact set.

Remark 3.12. For A € B(V;{), since o5(A) is a non-empty compact set so is
its boundary. That is, dog(A) = dps(A) # 0.

Proposition 3.13. [6] Let A € B(Vif'). Then ker(Rq(A)) # {0} if and only if
q is a right eigenvalue of A. In particular every mght ergenvalue belongs to

os(A).

Definition 3.14. [12] Let A € B(Vif). The approzimate S-point spectrum of
A, denoted by ofp(A), is defined as

crfp(A) = {q € H | there is a sequence {¢y, }rey

such that ||¢,|| =1 and ||Rq(A)¢,| — 0}.
Proposition 3.15. [12] Let A € B(Vif'), then ops(A) C 05,(A).

Definition 3.16. [12,14] The spherical compression spectrum of an operator
A € B(Vif'), denoted by o (A), is defined as
o3(A) = {q € H | ran(R4(A)) is not dense in Vif'}.
Definition 3.17. [14] Let A € B(V{). The surjectivity S-spectrum of A is
defined as
05,(A) = {a € H | ran(Rq(A) # Vg'} -
Clearly we have
03(A) C ol (A) and os(A) =0,5(A)Ucs, (A). (3.8)
Proposition 3.18. [12] Let A € B(V;). Then A has the following properties.
(a) ops(A) C 07 (AT) and o} ( ) = ops(AT).
(b) 02,(A) = o5,(AT) and o5,(A) = o3, (AT).
(¢) os(A) = as(AT).

Proposition 3.19. [12] If A € B(V;{®) and q € H, then the following state-
ments are equivalent.



28 Page 8 of 18 B. Muraleetharan, K. Thirulogasanthar ~ Adv. Appl. Clifford Algebras

(a) q & og,(A).

(b) ker(Rq(A)) = {0} and ran(Rq(A)) is closed.

(¢) There ezists a constant ¢ € R, ¢ > 0 such that |Rq(A)¢|| > cl|¢|| for all
¢ € D(A?).

Theorem 3.20. [10] Let Vi* be a right quaternionic Hilbert space equipped with
a left scalar multiplication. Then the set B(V]H}f) equipped with the point-wise
sum, with the left and right scalar multiplications defined in Eqs. 3.5 and 3.6,
with the composition as product, with the adjunction A — At as in 3.2, as
*— dnvolution and with the norm defined in 3.1, is a quaternionic two-sided
Banach C*-algebra with unity ]IVHR.

One can observe that in the above theorem, if the left scalar multiplica-
tion is left out on Vi, then B(V;f¥) becomes a real Banach C*-algebra with
unity Iy .

4. Berberian Extension in the Quaternionic Setting

Following the definition given in [3] for complex bounded sequences, we
denote by glim a Banach generalized limit defined for bounded sequences
{g9n} C H with the following properties. For q € H and {q,}, {p,} C H,

(a) glim(qn + pn) = glim(qy) + glim(pn);

(b) glim(q,q) = glim(qn) g;

(c) glim(qq,) = qglim(qy);

(d) glim(qy,) = hn;o q, whenever {q,,} is convergent;

(e) glim(g,) > 0 when {q,} C R and g,, > 0 for all n.

glim defines a positive linear form on the vector space 91 of all quaternionic
bounded sequences and ¢y denotes the set of quaternionic null sequences,
that is, sequences that converge to zero, and has the value 1 for the constant
sequence {1}. From properties (a) and (e) of glim, glim(q,,) is real whenever
qn is real for all n. Hence glim(g,,) = glim(q,) for any bounded sequence
{a.} C H.

4.1. An extension of V2
Let

B={s={6n} | {on} SV lléullyz < o0 ¥n, that is, {|dnllyp} € M}
If s = {¢,} and t = {¢,,} write s =t whenever ¢,, = 1, for all n. Also
s+t= {¢n + wn} and  sq = {¢nUI}7

with these operations B becomes a quaternionic right linear vector space. The
left scalar multiplication, on B, is defined as the map HIxB > (q,s) — qs € B
given by

as i= {adn} (4.1)
for all (q,s) = (q,{¢n}) € H x B, where for each n € N, q¢,, is given by the
Definition 3.4. Suppose that s = {¢,},t = {¢} € B. Since

{Pnltn)vpl < llonllvp [[nllvg,  for all n,
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it is permissible to define

D (s,1) = glim({dnthn)yz)-
We have the following properties for ®.
(a) Since (¢n|tn)yr = (Un|dn)yr, we have ®(s,t) = ®(t,s). That is, P is
symmetric.
(b) Since {(¢n|¢n)yr > 0 for all n, ®(s,s) > 0 for all s € B. That is, ¢ is
positive.
(¢) @ is a bilinear functional, in the sense that ® is left-antilinear with
respect to the first variable,
D(rp + sq,t) =pP(r,t) + qP(s,t), forall p,q € H and r,s,t € B,
and & is right-linear with respect to the second variable,
D(s,rp +1tq) = O(s,7)p + ®(s,t)q, forall p,q e H and r,s,t € B.
From the Schwarz’s inequality we have
|B(s,1)|? < ®(s,5)D(t,1).
Let
MN={secB|D(s,s)=0}={seB|P(s,t) =0Vt € B}.

Clearly 1 is a right linear subspace of B. Write [s] = s + 91 for a coset. The
quotient right linear vector space 8 = B/91 becomes an inner product space
by defining

([s] | [t = ®(s,2).
If u={[¢n]} = {¢n} + N and v = {[¢n]} = {tbn} + N, then

(u | v = ([on] [ [¥n])p = elim{dn | Yn)yz. (4.2)

Using the left scalar multiplication defined on B, by the Eq. 4.1, we can define
a left scalar multiplication on B by the map H x P > (q,s) — q[s] € P
given by

qls] :==gs + M, (4.3)

for all (q,[s]) = (q,s + M) € H x P. Following proposition provides some
properties of the above defined left scalar multiplication:

Proposition 4.1. The left product defined in the Eq. 4.3 satisfies the following
properties. For every [s], [t] € P and p,q € H,

(a) q([s] + [t]) = a[s] +q[t] and q([s]p) = (a[s])p.
(b) Ilals] i = lalll [s] [l

(c) a(p[s]) = (ap)s].

(d) @ls] | [t])p = ([s] | alt])s-

(e) r[s] = [s]r, for all T € R.

Proof. The proof immediately follows from the Proposition 3.8 together with
the Egs. 4.1 and 4.3. O
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Let ¢ € Vi, we write {¢} for the sequence all of whose terms are ¢ and
¢’ for the coset {[¢]} = {¢} + N. Evidently

(D] | WDy = (2l¥)vz,

and ¢ — [¢] is an isometric right linear mapping of Vi onto a closed linear
subspace V]H]I%/ of PB. Regard P as a linear subspace of its Hilbert space com-

pletion $). Then Vﬁ?‘/ is a closed linear subspace of ) and ‘B is a dense linear
subspace of 9.

4.2. A Representation of B(V,F)

Every operator A in Vi determines an operator A° in ) as follows.
If s = {¢n} € B then the relation [|A¢y,||yr < [|A]| [|¢n]lyz shows that
{A¢,} € B. Define

Ag:B— B by Aps={A¢,},

then Ay is a right linear mapping such that

D(Ags, Aps) < ||A]|D(s, ).
In particular, if s € M, that is ®(s,s) = 0, then Ags € N. it follows that

AP — P by {[on]} — {[Adn]} (4.4)
is a well-defined right linear map. Thus
A°s" = (Aps)

and the inequality

(A%u] A%u)yp < [|A|* (ulu)yp

is valid for all uw € . That is, || A%u|lp < [|Al|||ul/s, for all u € P. Hence A° is
bounded (continuous), and ||A°[|o < ||All, ||-||o is the norm on B($). The left
scalar multiplication of A° by any q € H is defined as a map qA° : f — P
by the setting

(@A°){[¢n]} == {[a(A¢n)]}, (4.5)
for all {[¢,]} € PB. Tt is straightforward that qA° is a right linear operator.
We also have the following properties for the operators:

Proposition 4.2. For A,B € B(V{®) and q € H, we have
(a) (A+ B)° = A° + B°,
(b) (aA)° = qA,
(c) (AB)° = A°B,
(d) (AT)° = (A°)T,
(e) ]Ivfo = HVMR

(f) I1A%]lo = [IA]l.

Proof. Proofs of (a), (c) and (e) are straightforward from the definition of
A°. Assertion (b) immediately follows from the (definition) Eq. 4.5 as follows:

for any {[én]} € B,
(@A )N{[on]} = {la(Adn)]} = {{(ad)nl} = (a4)°{[on]}-
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To verify (d), let C = (A°)" and u = {[¢,]} and v = {[¢,]}. Then
(A°u [ v)p = (u | Cv)p.
This implies that
(u| Coyp = (A% | v)g = glim((Agn|von)yr) = glim((dn|ATvn) v r)

= (u | (AT)?v)g.
Therefore (AT)° = C = (A°)T, and this completes the proof of (d). Finally
let us establish the equality ||A°||, = ||A||. Firstly note that for any ¢ € Vif¥,
from the Eq. 4.2, we have [¢[lg = [[¢[lyz. Now since A°¢’ = (A¢)’, for all

¢ € Vi,
[A4%o = sup [|A°¢lp= sup [(A9)[lp = sup [|Ad[lyr=[A].
ll¢'[lp=1 H‘bHVHF: \|¢|\wa:1

Therefore the assertion (f) follows. O

The continuous right linear mapping A° extends to a unique right linear
operator in §), which we also denote A°. Also in the Theorem 3.20, B(V{)
with left multiplication is a C*-algebra with unity ]IVHR. In the same manner,
B($) with left multiplication is a C*-algebra with the same unity Iy;z. Also
note that, no matter which Hilbert basis we choose to define a left multi-
plication the spaces B(V{*) and B($)) becomes C*-algebras, and hence the
results provided in this note are independent of the basis chosen.

Theorem 4.3. The mapping
BV — B(H) by A A°
is a faithful x-representation.

Proof. The assertion (c) of Proposition 4.2 verifies that the above map is a
homomorphism. To check the injectivity of this map, suppose that A, B €
B(ViE) with A° = B°. Then for any {[¢,]} € B, we have

= glim(((A— B)dn | (A= B)ou)yz) = 0.
Let ¢ € Vi, and choose ¢, = ¢, Vn € N. Then [|(A — B)d|ly,z = 0. This

concludes that A = B. Therefore the above map is injective. Hence the
theorem follows. O

Suppose A > 0, that is (A¢|¢)yr > 0 for all ¢ € ViE Ifu={¢,} €,
then (A¢n|¢n)yr > 0 for all n, hence

(A°ulubp = glim(Adu|dn)yn > 0.

Hence (A°v|v)g > 0 for all v € §. Thus clearly for an operator A in Vif¥ we
have
A>0& A°>0. (4.6)

Proposition 4.4. If A € B(Vif'), then o5,(A°) = 05, (A).

ap
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Proof. Let q € H. Then, q ¢ oasp(A) if and only if there exists € > 0
such that Rq(AT)R4(A) > elyr. By Eq. 4.6, this condition is equivalent
to Rq((A°)1)Rq(A°) > elyr thus q ¢ oy (A°). O

The following theorem is the key result of Berberian extension.

Theorem 4.5. For every operator A € B(Vi'), we have o,(A) = 05,(A°) =
ops(A°).

Proof. From Propositions 3.15, 4.4 the relation pr(A) = afp(Ao) D ops(A°)

is clear. Let q € O’SP(A). Then there exists a sequence {¢,} C V' with

a

[@nllyz = 1 such that [|[Rq(A)nlyn — 0. Set u = {¢,}', clearly [ufq = 1.
Also
[ Rq(A%)ullp = glim[|Rq(A)dnllyz — 0.

Therefore, by Proposition 3.13, g is a right eigenvalue of A°. Hence q €
ops(A°), which completes the proof. O

5. Application to Commutators in the Quaternionic Setting

In the complex setting, the Berberian extension is very useful in studying
spectral properties of commutators [11]. Following the complex formalism, in
this section, we shall study some properties of S-spectrum of commutators in
the quaternionic setting.

Proposition 5.1. Let A, B € B(V{®) such that AB = BA, then

(a) 05,(A+ B) Co5,(A) + 05, (B),

(b) o3, (A+ B) C 07, (A) + 03, (B),

(C) Os(A + B) - Os(A) + Us(B).
Proof. (a) Since AB = BA we have A°B° = B°A°. Let q € 05,(A+ B) =
ops(A° + B°). Let Z = ker(Rq(A° + B°)). then Z # (. Let ¢ € A°Z, then
1) = A°¢ for some ¢ € Z and also Rq(A° + B°)¢ = 0. Now

Ry(A° + B°)y) = Rq(A° + B°)A°¢p = A°R4(A° + B°)¢ = 0.
Therefore ©» € Z, hence A°Z C Z. That is, Z is invariant under A°, and
therefore 075,(A°|Z) # 0. Let p € 0,(A°|Z) = 0,5(A°| Z), hence A° —plg =
0. Since q € o,5(A°+B°), we have A°+ B° —qlly = 0, that is B° = qllg — A°.
Therefore,
B°—(q—p)lsg =—(A° —p)ly =0 on Z.
Thus q — p € 0,5(B°|Z). Hence, from Proposition 4.4,
4 =p+(a—p) €ps(A°) + 0ps(B°) = 05,(A°) + 05, (B°)
=05 (A)+05,(B).

This completes the proof of (a).
(b) Since AB = BA, we have ATBT = BTAT and therefore (a) holds for
At BT. Further from Proposition 3.18, part (b), 0% (A) = ng(AT). Thus (b)
follows.
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(c¢) Forany A € B(Vﬂf) from Eq. 3.8, Proposition 3.15, we have og(A) =
ops(A) U 05,(4) C 05,(A) U oS, (4). And clearly o5,(4), 05,(4) C os(A).
Therefore, from (a) and (b), we have

pr<A+B) fp(A)+Ufp(B) - JS(A)+JS(B)
and

oou(A+ B) C o2, (A) +02,(B) C os(A) +os(B).
Thus

os(A+B) Co? »(A+ B)U 03 (A4 B) C o5(A) + os(B).

Hence the inclusion (c¢) holds. O
Definition 5.2. Given S,T € B(V{f), the commutator C(S,T) : B(Vif) —
B(V;{t) is the mapping

C(S,T)(A) = SA— AT = Lg(A) — Rp(A), for all A€ B(Vi),
where Lg(A) = SA and Ry (A) = AT. It is clear that A € B(V{) intertwines
the pair (S,T) precisely when C(S,T) = 0.

Remark 5.3. It is worth noting the following results: for any q € H and
S,T € B(V),

(1) LsRr = RrLsg,

(2) Rq(Ls) = Rq(5),

(3) Rq(Rp)A = AR, (T); for all A € B(V{{),

(4) LRq (s) = Rq(LS)v

(5) Rp, (1) = Rq(Rr).
The verifications of these results are elementary.

The next proposition gathers some useful identities to prove the S-
spectral properties of commutators which are provided in Theorem 5.5.

Proposition 5.4. For arbitrary operators S,T € B(Vi®) the following asser-
tions hold true:

(a) 05,(Ls) = 05,(5),

(b) oop(Rr) = 05,(T),
(¢) 05,(Ls) = 05,(9),
(d) o2, (Rr) = 05,(T).

Proof. (a) To prove (a), let q € 0, (Ls), then there exists a sequence {A,, } C
B(Vi#) with || A,,|| = 1 such that ||R (Ls)A,|| — 0. That is, ||Rq(S)An| — 0.
Set 1, = TAsolor , for all n and for some 0 # ¢ € V5. Then || A, ¢nlyr = 1,
nPllvf
for all n and ||Rq(S)Antnllyr — 0. Thus q € o5,(S) and 03, (Ls) C 05,(95).
To see the other inclusion, let q € ofp(S ), then there exists a sequence {wn} -
ViE with [tnllyr =1 and [[Rq(S)¥nlly,r — 0. Pick a linear functional ¢ in

(ViE)* which is the dual of Vi with ||®[/* = 1, where || - ||* is a norm on the
dual of V;F. Define, for each n, an operator 4,, € B(Vif) by

Apd =P, ®(¢), for all p € V.
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Then ||A,|| = 1 for all n, and
[Bq(Lis) Al = [|Rq(S) Anl| = [ Rq(S
Thus q € 05 »(Lis) and therefore o »(Ls) = o b (S)-

(b) To estabhsh the equality o2 (RT) =0 u(T) let q & o2,(T), that is
R,(T') is surjective. Now for each A € B(ViH),

IRq(R7)A|l = [ ARq(T)|| = [ ARq(T)llyz,  for all ¢ € Vii'.

That is, as Rq(T) is surjective, |[Rq(Ry)A[l = [|A¢|yr, for all ¥ = Rq(T)¢ €
Vi, Hence

[ Rq(R) Al > o A%y = [|All, for all A € B(VY).

~—

n”VHR — 0.

~

Therefore Rq(Ry) is bounded below, and hence by Proposition 3.19, q ¢

% (Rr). Conversely suppose that Ry(Rr) is bounded below. Then there
exists ¢ > 0 such that c[|A|| < ||Rq(Rr)||| = ||AR4(T)|, for all A € B(ViF);
where ||| - ||| is the norm on B(B(V4f)). Choose a unit vector 1 € V. For
arbitrary linear functional ® € (Vif)*, let Ap € B(V;) given by

Ag(9) = 9®(¢), for all ¢ € Vi,
Then
o2 = el Aa |l < [|AeRq(T)l| = @ 0 Ry(T)||, for all @ € (Vif)".
Hence R,4(T)" is bounded below. That is, by Proposition 3.4, Ry(T)" is injec-
tive. Therefore by Propositions 3.3, ran(R (T))* = ker(Rq(T)") = {0}, and

so Rq(T) is surjective. Thus we have o7 »(Rr) = oS (T).
(¢) Now

q¢ 05, (Ls) <= Ry(Lg)is sujective <= Ry(S) is sujective

= agon,(9).

Therefore 05, (Lg) = o3,(S).
(d) In order to verify the inclusion o5 (Rz) C ¢ o(1), let q aap( ), then by
Proposition 3.19, Ry (T") is bounded below on VH Therefore, by Proposition
3.4, R4(T) is injective. Thus by Proposition 3.7, Rq(T) is left invertible on

Vil Therefore, there exist P € B(Vi) such that PR (T) = I z. This implies
that
Ry(Rr)RpA=Rp(A)Ry(T) = APR,(T) = A, for all A € B(V{).

That is, Rq(Ry) is right invertible on B(V{), thus by Proposition 3.6,
Rq(Ry) is surjective. Hence q ¢ o2, (Rr), and we get o2 (Ry) C o (1)
To verify the other inclusion afp(T) C o2 (Rr), suppose that q & o2 (RT)
then Rq(Rr) is surjective. This implies that for each A € B(V;f), there ex-
ists B € B(Vif) such that Rq(Rr)B = A. That is, BR4(T) = A. Assuming
A, B # 0 without loss of generality, we get

R T > .
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This gives that Ry (T ) is bounded below, and q ¢ ofp(T). Therefore the
equality o2, (Rr) = o2 »(1') holds. O

The following theorem is the main result about the S-spectral properties
of commutators which we provide in this note.

Theorem 5.5. For arbitrary operators S, T € B(Vift) the following assertions
hold true for their commutator C(S,T).
(a) 05(C(S,T)) = 05(5) = 05(T),
(b) 05,(C(S,T)) = 05,(S) — 05,(T),
(¢) o2.(C(S,T)) = 03,(S) — 05,(T).
Proof. To prove (b), In order to establish pr(S) —03.(T) C o? »(C(S,T)),
let q € o2 »(S) and pead(T). It follows, from (a) and (b) in the Proposmon
5.4, that q € o »(Lis) and p € o »(Rr). By Proposition 4.5 we have
qcoy »(Ls) = o3 » (L) = 0ps(LY).
Therefore, there exists A € B(Vi¥) such that A # 0 and (L —q)A = 0. That
is, (S° — q)A = 0. Again by Proposition 4.5,
p € 0oy(Rr) = 05, (RT) = 0,s(RY).
Therefore there exists B € B(Vif) such that B # 0 and (RS —p)B = 0. That
is B(T° —p) = 0. Consider
(C(S,T)° —a+p)AB = (Lg - R —q+p)AB
= (Lg —q)AB — (R —p)AB
=(S°—q)AB - AB(T° —p) =0.

Thus
q—p € 0ys(C(8,1)°) = 05,(C(S,T)°) = 0, (C(S.T)).
Therefore o, (S) —o5,(T) C 05,(C(S,T)). Now since 05,(Ls) = 075,(5) and
oq,(Rr) =05,(T), we get from part (a) of Proposition 5.1,
7ap(C(S,T)) = 05, (Ls — Rr) C 05, (Ls) — 0, (Rr) C 05, (S) — 03, (T).

This concludes the proof for (b).

(¢) Applying 05, (Lg) = 05,(5), and 05, (Rr) = 05,(T) in part (b) of Propo-
sition 5.1, the inclusion C in assertion (c) is estabhshed. Next to show that
05,(8) = 05,(T) C 05,(C(S,T)), let g € 05,(S) and p € o5,(T). It follows

Su

from (a) and (b) in Proposition 5.4, and Proposition 4.5 that
q€oy,(Rs) =05, (Rg) =0,5(Rg) and  peo) (Ly)

= 04p(L7) = ops(L7).
Thus by the definition of point spectrum q € o,5(R%) and p € ops(L).
Therefore, there exists A, B € B(Vif) with A # 0 and B # 0 such that
A(S° —q) = 0 and (T° — p)B = 0. Hence, by Proposition 3.2, we have
((S°)t —q)AT =0 and BT((T°)" —p) = 0. Hence, by Proposition 3.2,
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(C(8, 7)) —a+p)A'BF = ((L§)" — 9 ATB" — (RF)" —p)ATB!

((
= ((8°)" —q)ATB" — ATB'(T°)" —p) = 0.

Therefore q — p € 0,5((C(S,T)°)"). By proposition 4.2, q — p € 0,5((C(S,
7)°)") = 0,5((C(S,T)")°). Now by propositions 4.5 and 3.18, we have

q4—p € 0ps((C(S,1))°) = 05,(C(S, 1)) = 07,(C(S,T)).

)=
Hence 03, (S) — 05,(T) C 05,(C(S,T)), which completes the proof of (c).
To establish (a), let S,T € B(V{). Since LsRr(A) = RrLs(A) = SAT
for all A € B(Vif), Lg,Ry € B(B(Vi{f)) commute. Let q € og(Lg), then if
ker(Lg) # {0}, there exists A € B(Vj ) such that A # 0 and R4(Lg)(A) = 0.
That is

S2A — 2Re(q)SA + |q|2A = (S2 — 2Re(q)S + |q[2)A =

Hence (S? —2Re(q)S +|q|?)A¢ = 0, for some ¢ € Vi as A # 0, and therefore
ker(Rq(9)) # {0}. If ran(R4(Lg)) # B(V4f), then there exists B € B(V;f)
such that R.(Lg)(A) # B for all A € B(V{f). That is, S?A — 2Re(q)SA +
lq]*?A # B for all A € B(Vif'). In other words, Ry(S)A¢ # B¢ for all A €
B(Vi#) and ¢ € V). Hence ran(R,4(S)) # Vif. As a conclusion q € og(S)
and hence og(Lg) C o5(5).
Now let q € og(Ry). If ker(Rq(Rr)) # {0}, then there exists A €
B(VH) such that A # 0 and R (RT)(A) = 0, that is ARy(T) = 0. Thus
Ry(T)¢ = 0 for some 0 # ¢ € Vi, and therefore ker(Ry(T)) # {0}. If
ran(R (R7))*t # B(ViE), then there exists B € B(ViF) SU.Ch that Rq(Rr)
(A) # B, for all A € B(V{'). That is ARy(T) # B, for all A € B(Vﬁ%)7 and
hence Iy r Rq(T') # B. Therefore ran(Rq(1)) # Vif. Hence we can conclude
that q € 0g(T) and o5(Ry) C 05(T). Because C(S,T) = Lg — Ry, by part
(¢) of Proposition 5.1 we have

05(C(S.T)) C o5(Ls) — o5(Ry) C 05(S) — o(T).

This establishes the inclusion C in assertion (a). Now for each A, B € B(V{),
we have

C(Lg,Rr)AB =LgAB — ARrB = SAB — ABT = C(S,T)AB
This implies that

C(Ls,Ry) = C(S,T), VS,T € B(V{f). (5.1)
On the other hand, using Eq. 5.1, from part (c),
75.(C(S,T)) = 05,(C(Ls,Rr)) 2 05,(Ls) — 04, (Rr) = 05,(5) — 05,(T)
(5.2)

as o »(Rr) = 02,(T) and 0%, (Lg) = o2,(S). Similarly from part (b), we get
Uap(C(Sa T)) = Jap(C(st RT)) 2 Uap(LS) - O—fu(RT) = JS (S) - JS (T)

ap ap

(5.3)
as o »(Ls) = afp(S) and 0% (Ry) = pr(T). Now the inclusions (5.2) and
(5. 3) guarantee that the other inclusion in assertion (a) holds,
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0s(C(S,T)) 2 05(Ls) — os(Rr) € 05(5) — os(T).

Therefore the assertion (a) follows. Hence the theorem holds. O
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