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Abstract

In this study, the generalized coupled nonlinear Schrédinger-KdV (NLS-KdV) system is
investigated to obtain new optical soliton solutions. This system appears as a model for
reciprocity between long and short waves in various of physical settings. Different kind of
new soliton solutions including dark, bright, combined dark-bright, singular and combined
singular soliton solutions are obtained using two effective methods namely, the extended
sinh-Gordon equation expansion method and the solitary wave ansatz method. In addition,
the modulation instability analysis of the system is presented based on the standard linear-
stability analysis. The behaviours of obtained solutions are expressed by 3D graphs.

Keywords: Generalized coupled NLS-KdV system; Soliton solutions; Ansatz method; Mod-
ulation instability analysis.

1 Introduction

During the past several decades, the coupled nonlinear Schrédinge-Korteweg-de Vries (NLS-KdV)
system has received extensive attention because of its important physical background [1-3]. Con-
siders the generalized version of coupled NLS-KdV system of the form [4]:

iy + MUy + Ao |u|?u 4+ Asuv = 0,
(% + BIUUCE + /BQUXXX + 53 ("U,|2) z — 07 (1>

where u = u(x,t) € C, v = v(z,t) € R and \;, §; (i = 1,2,3) are constants. The NLS-KdV
system occurs in phenomena of interactions between short and long dispersive waves arising in
fluid mechanics, for instance the interactions of capillary-gravity water waves.

The important issues of great concern for this model are the existence and stability of the solitary
wave solutions. It is known that, due to the effect of nonlinearity and dispersion, the coupled
NLS-KdV system usually possesses such kind of solutions. The existence of solutions for the cou-
pled system of NLS-KdV has been studied in [5,6]. Furthermore, several stability theories have
been used to prove the stability of solitary wave solutions of this system [7-9].

Recently, the existence and bifurcation of nontrivial solutions for the coupled NLS-KdV system
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is studied in [10]. The two techniques, specifically, the sub-equation method and the Kudryashov
method have been utilized in [4] to fund optical soliton solutions of the above generalized coupled
NLS-KdV equations. This present work investigates to obtain the soliton and combined soliton
solutions to the Eq. (1) based on the extended sinh Gordon expansion method (EshGEM) [11,12]
and the solitary wave ansatz method [13,14]. In addition, the modulation instability analysis of
the stationary solution of this system is studied by using the standard linear-stability analysis.
Except the EshGEM and solitary wave ansatz method, analytic solutions are found to the variety
of integer and fractal order models with the execution of other methods [15-25]. However, the
proposed methods are powerful tools for constructing the exact solutions of nonlinear differential
equations and gained considerable attention in recent years. To our best knowledge, the appli-
cation of the proposed methods to the model, and the received combined soliton solutions are novel.

The paper’s structure is proposed as follows. The mathematical analysis of the proposed model
is presented in Section 2. The implementations of the above proposed two methods are devoted
to Section 3 and 4. In last section, the conclusion is revealed.

2 Mathematical analysis for the model

In order to find the solitary wave solution of Eq. (1), consider the wave transformation

U :¢(€)€i(k:v+wt)
U:¢(§)a gzx_Cta (2>

here k,w and c¢ are constants. By substituting (2) into equation (1) and spliting the real and
imaginary parts, we get

—wp(€) — K2 A10(€) + Aad(€)® + Asd(E)¥ (&) + Mg (€) =0 (3)
(—e+2kM) ¢'(§) = 0 (4)

and
2B3(€) ¢ (€) — et (€) + B ()Y (€) + By (€) = 0. (5)

From Eq. (4), we get
¢ = 2k\ (6)

Inserting Eq. (6) into Eq. (5), and integrate once with zero constant of integration, we get

SB(E + BsD(€) — M () + Bot(€) = 0 )

The Egs. (3) and (7) will be discussed in the following two sections to obtain the solitary wave
solutions of Eq. (1).



3 Implementation of the extended ShGEEM

In this section, we implement the extended ShGEEM to solve the Eq. (1). Consider the homo-
geneous balance ¢”(£) with ¢(£)? in Eq. (3) yields n = 1 and " (§) with ¥(£)? in Eq. (7) yields
m = 2. According to ShGEEM [11,12], we assume that the solution structure of the form

¢(w) = Ap + Bysinh(w) + A;jcosh(w),

(w) = agp + bysinh(w) + a;cosh(w) + cosh(w)[besinh(w) + ascosh(w)], (8)
with
#(&) = Ag £ iBysech(§) — Ajtanh(€),
(&) = Ao £ Biesch(§) — Ajcoth(§), 9)
and

(&) = ap £ ibysech(§) — ajtanh(€) — tanh(&)[Fibosech(§) — astanh(£)],
(&) = ap £ bycsch(§) — aycoth(§) — coth(&)[£bacsch(€) — agcoth(€)], (10)

Substituting Eq. (8) and its second derivative along with w’ = sinh(¢) into Eqs. (3) and (7), we
obtain the set of parameter values by solving the algebra equations. For each set, the following
solution of Eq. (1) can be found by Inserting the values of parameters into equations Eq. (9) and
Eq. (10) and then, into equation Eq. (2).

Set 1
2(—=01 A A
A= 0, Ay =0, B, =+, 2P0 T 600)
BiAs
123, 123, B183A1 + 2455 Xs — 632053
= =0, b1 =0, as=— by =0, k=

Qo 8, , a1 , 01 , a2 B, , 02 ) 1260 \g )

4 2 2 2/\ 2)\ 2 )\ 2)\2

——ﬁ—i-)q— 51532 12 _ BiPs +5153 :23+ PaBsAs B3 3 | (11)
M 148202~ Bl 12602 T A AN

Replacing the values of set 1 into Eqgs. (9) and (10), we obtain the bright soliton solutions for the
above model as follows:

2 (=061 A A .
u(z,t) = :‘:i\/ =h 51;—26% ) sech(z — ct)e'Fetet)

123,
A

and singular soliton solutions for the above model as follows:

2 (=061 A A .
u(z,t) =+ \/ =h 611;;6ﬂ2 ) csch(z — ct)elthetet)

126,
2

v(x,t) = sech®(z — ct), (12)

v(x,t) = csch?(x — ct), (13)
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Figure 1: (a) 3D graphs for bright soliton solutions given in Eq. (12) of (a) |u(x,t)| and (b) |v(x,t)|
with A1 = Ao = X3 =0.1, 51 = 5o = B3 = 0.2.

(—B1A1 + 652)3)

BiAz
presented in Fig. (1) and Fig. (2) respectively.

provided that > 0. The behaviours of soliton solutions of Eq. (12) and (13) are
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Figure 2: (a) 3D graphs for singular soliton solutions given in Eq. (13) of (a) |u(x,t)| and (b) |v(z,t)]
with Ay =X = A3 =0.1, 51 = 2 = B3 = 0.2

Set 2

2 (—P1A1 +652)3) —B1BsA1 — 24550 + 652033

Ay=0, A, =0, Bi==+ , k= ;
0 ' ' \/ BiAa 1285 A1 A2
—B183A1 + 128205 + 632833 123
ag = , a1 =0, by =0, ay = — , by =0,
’ 36152\ ' ' ? Bt
2 2 22 2 212 2
w — 433 P BiBsA 1 BiBs B 8B2A3 n B155 A3 i 22833 B BsA1 A3 33 n 23373 (14)

DY 14452X02 3\, B 128,02 T Mg 3By AMAE T Bihg
Replacing the values of set 2 into Egs. (9) and (10), we obtain the bright soliton solutions for the
above model as follows:

u(z,t) = :I:z'\/2 (=01As + 652 )s) sech(x — ct)e!ketet)

BrAz



oz, 1) = PN _32;%32 T 6Pabsds | 12? sech?(z — ct), (15)

and singular soliton solutions for the above model as follows:

u(z,t) =+ \/2 (=810 +60s) csch(z — ct)ei(k”“’t),

B1Aa
o(w, ) = PN _32%3?6525“3 - 22 sl - ), (16)

(—=BiA1 + 652)3)
BiAs
presented in Fig. (3) and Fig. (4) respectively.

provided that > 0. The behaviours of soliton solutions of Eq. (15) and (16) are

Figure 3: (a) 3D graphs for bright soliton solutions given in Eq. (15) of (a) |u(x,t)| and (b) |v(z,t)]
with )\1 = AQ = )\3 = 0.1, /81 = 52 = 53 =0.2.
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Figure 4: (a) 3D graphs for singular soliton solutions given in Eq. (16) of (a) |u(x,t)| and (b) |v(x,t)|
with \y = Ay = A3 =0.1, 51 = P2 = 3 =0.2.

Set 3

2 (=B + 662)3) Mo
0=0, A \/ Bi) » Br=0, 1282 M1 Mo



_ —B183A1 + 4883 Xa + 6528303 + Ao =0 b= 0. = — 123,
65182\ T e e By
455_ BE03N1 28183 8B2Xs  [ifiAs  AoAs _ABaf3As BsMiAs 23 +53)\;2>,

A LB BN B 12803 6BiBede Ada GBada ANA3 ﬁEAQ;
17

Qo

7b2:07

w = —2/\1—

Replacing the values of Set 3 into Eqgs. (9) and (10), we obtain the dark soliton solutions for
the above model as follows:

2(=p1A A ,
u(z,t) =+ \/ (=61 + 652) tanh[z — ct]e’Feted)

BiAa
Ao — BiBsA + 48B3 X + 6320303 120, 2
v(x,t) = 67 B ~ 5 tanh®(z — ct), (18)

and singular soliton solutions for the above model as follows:

2 (=061 A A )
u(:v,t):i\/ (=810 + 664) coth(x — ct)e!tketwh

BiAz ’
o= Bifsh + 48030 + 6028503 123 2
v(x,t) = 651 B - coth”(z — ct), (19)

(=B1A + 66273)

BiA
shown in Fig. (5) and Fig. (6) respectively.

provided that > 0. The behaviours of soliton solutions of Eq. (18) and (19) are

wix ) b, 2]

Figure 5: (a) 3D graphs for dark soliton solutions given in Eq. (18) of (a) |u(z,t)| and (b) |v(z,t)| with
AM=X=X3=0.1, B1 =P =3=0.2.

Set 4

—B1A1 + 65273 o
Ay =0 A =B, =+ k=
0=0, A =51 \/ Bida 0 1280
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Figure 6: (a) 3D graphs for singular soliton solutions given in Eq. (19) of (a) |u(x,t)| and (b) |v(x,t)|
with )\1 = AQ = )\3 = 0.1, 61 = 62 = 63 =0.2.

an — —B183A1 + 308502 + 65283 30 65 65
B 631522 B’ B’
B3 N BiBIM | BifBs | 202hs | Bif3ds . Xods  Bafshs Bshids B3N (33
w=—2 2 + Ay - - -
4N 2 144B305  6X B 128503 6B10202  AiAg 60202 4MA3 5%)\2)’
20

b2:

7a1:07 b1:07 Qg =

where )\0 = i\/ﬂ%ﬂ%)\% — 12516253)\1 (262)\2 + 53)\3) + 36,6% (622)\% + 462ﬁ3)\2)\3 + 53%)\%)

Replacing the values of Set 4 into Eqgs. (9) and (10), we obtain the combined dark-bright soliton
solutions for the above model as follows:

u(z,t) ==+ \/_50\;;\2652)\3 lisech(z — ct) — tanh(z — ct)]e®e+en),
652

— AL+ 3083, + 6 Aoz 67
brBsa 1 300, d2 7 62030 24 b sech(z—ct) tanh(z—ct)——= tanh®(z—ct), (21)
651822 B B

and combined singular soliton solutions for the above model as follows:

v(x,t) =

u(z,t) ==+ \/_51)\1 + 662 [— coth(z — ct) + csch(z — ct)]e’krtet)

20122
v(x,t) = “Hrfsd + zoﬁﬁ%)\i—i_ 652P5M0s —1—65—62 csch(z —ct) coth(x —ct) — 66—62 coth?(x —ct), (22)
15272 1 1
(=B1A1 +652)3)

provided that
Fig. (7).

) > 0. The behaviour of soliton solutions of Eq. (22) is shown in
1A2

4 Implementation of solitary wave ansatz method

In this section, we utilize the solitary wave ansatz method to solve the generalized coupled NLS-
KdV equations. This is an effective and more powerful mathematical tool for constructing exact

solutions of nonlinear differential equations, and gained considerable attention in recent years
[13,14].
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Figure 7: (a) 3D graphs for combined singular soliton solutions given in Eq. (22) of (a) |u(x,t)| and (b)
\v(m,t)\ with )\1 = /\2 = /\3 = 0.1, 61 = BQ = ,33 =0.2.
4.1 Bright Soliton solution

The solitary wave ansatz for the bright soliton solution, the hypothesis is [13, 14]

¢(§) = Aysech” (ug),

P(&) = Agsech™ (ug), (23)

where £ = © — ¢t and Ay, Ay, p1, pa, i are real constant. By inserting (23) into (3) and (7) we
obtain the following two relations:

— Ayw sech? (u€) + A3Ny sech™ (&) + Ay As)s sech” ™72 (ug) — p2 Aypi Ay sech® ! (uf)
+ p2Api Ay sech? () — p? Aip? Ay sech® P (u€) — Ay A k?sech? (ug) = 0, (24)

1
§A§B1 sech®? (&) + A2 By sech (ug) — p? Agpy Py sech® P2 (uf)
+ 2 Agp3 By sech?? (pg) — p? Agpi By sech® P2 (u€) — 2A5M k sech??(ué) = 0. (25)

By virtue of balancing principle, on equating the exponents of each pair of the sech functions, we
find

3p1 = p1 + pe,
2ps =2+ py, then p; =1 and py =2. (26)

Substituting p; = 1, p» = 2 into (24) and (25) and setting the coefficients of sech?(u&) (j =
0,1,2,3,4) to zero, we get:

Ay [w + A\ (—uQ + kQ)} =0,
Al (A%)\Q + Ag)\g — 2#2)\1) = O,
[ALBs + 245 (21782 — Mik)] =0,

1
5142 (A2ﬁ1 - 12N2ﬁ2) = 0. (27)
Solving the above system of equations, we get:

_ j:\/im/ﬁl)\l — 6023 A, = 12442 B, b B3 (811 — 6023) + 241263 A
VBV ’ pr 12851 A2 ’

8

Ay



Bs (Bih — 6B2s) + 2412 B30)
= [ - B0 1442553;%% )| (28)

From (23) and (28), the bright soliton solutions of the generalized coupled system of NLS-KdV
equations are given by the formula

\/§N\/ BiA1 — 6523

u(z,t) =+ N sech [p(x — ct)] eketed, (29)
v(x,t) = 12#—252 sech? [u(z — ct)], (30)

1

A1 — 6622
provided that (B = 6822s)
BiAs

the extended ShGEEM

> (. Note that this result is consistent with the results derived by

4.2 Singular Soliton solution

The solitary wave ansatz for the singular soliton solution, the hypothesis is [13, 14]

¢(§) = Asesch™ (ug),

(&) = Agesch™ (u), (31)

where £ = x — ¢t and Ay, As, p1,p2, i are reai constant. By Inserting (31) into (3) and (7) we
obtain the following two relations:

— Aywesch? (u€) — Ajh k*esch? (u€) + Aipy A p®esch® ™ (pg) + App2 Ay pPesch? (pué)
+ A p? A pesch® Pt () 4 A3 Ngesch® (ug) + Ay Ashsesch?” P2 () = 0 (32)

1
§A§ﬁ1080h2p 2(1€) + Aapafap®esch® P2 (u€) + Agps opPesch?? (u€) + Agps fapi®csch® P2 ()
+ A2 Bscsch® (u€) — 2As M\ kesch?? (pg) = 0. (33)

By virtue of balancing principle, on equating the exponents of each pair of the sech functions, we
find

3p1 = p1 + pa,
2ps =2+ pg, then p; =1 and py =2. (34)

Substituting p; = 1, p, = 2 into (32) and (33) and setting the coefficients of sech?(ué) (j =
0,1,2,3,4) to zero, we get:

Ao+ (B = g2 M =0,

Al (2“2/\1 -+ A%)\Q —+ A2>\3) = O,

A%ﬁg + A2 (4/1262 — 2]{?)\1) = 0,

%AQ (A251 + 12#2/32) = 0. (35)



Solving the above system of equations, we get:

A - L V2V =P £ 6 B 4y 2B 245 + s (B — 6B))
VBV A2 ’ B 12821 A2 ’
_ o (2402 B3ha + B3 (Bidi — 682)3)) 2
w=Xh (“ 14432022 ' (36)

From (31) and (36), the soliton soliton solutions of the generalized coupled system of NLS-KdV
equations are given by the formula

_ i\/ﬁﬂ\/_ﬁl)\l +6 23

u(x csc x — ct)] ettt
(z,1) N h[p(z — ct)] (37)
o(at) = — 2202 2 e — ), (38)

1

provided that (=Aihs +655))
P12

1
by the extended ShGEEM.

> (. Note that this result is consistent with the results derived

5 Modulation instability analysis

In this section, we derive the modulation instability (MI) of the stationary solutions of the coupled
NLS-KdV equations by employing the standard linear stability analysis [26].

Based on the linear stability analysis, the stationary solutions of Eq. (1) have the following
form [26]
u=qo e, v=np, (39)
where py and g, are the real constant-amplitudes (initial incidence power). Substituting Eq. (39)
into Eq. (1), we get
w = go A2 + pods, (40)
In order to find the linear stability analysis of Eq. (1), the perturbed stationary solutions can be

written as '
U = (QO + Ocj[a:, t]) eZWt7 v = (pO + Qﬁ[x,t]) (41)

where § << 1 is a perturbation parameter. Substituting Eq. (41) into Eq. (1), we obtain
degids + aoraplr, t] + o hadle, 1] + g [ ] + 2ik Mg O, 1] + MgV, 1] = 0,

POV [z, 8] + posip O, 1] + qoBsd O, 1] + 525> [, 1] = 0, (42)

where '+’ means complex conjugate. Now, we introduce ¢ and p in the following form:

‘(/Acac—é)t)

Cj[l’,t] =q ez i(l%x—uﬁ)t)

+Q2 e )

‘(l;::rfd)t)

ﬁ[%,t] = 62 i(l%xfd)t)

+ b2 e ) (43)

10



Then, we substitute Eq. (43) into Eq. (42), yields the following homogeneous equations for
P1, 41, P2, q2:
D1 (@J — kpof1 + k?’ﬁz) — kqoq1 83 = 0,

P2 (@ - iﬁpoﬁl + ];7352> - IACC]OC]2/33 =0,
) ~ 7 7 2 _
WnA2 — G2 (w + k (—2k‘ + k‘) At — qgkz> + pagors = 0,

Oq1 — 2kkgi M — B2\ + g0 (g0 (g1 + ¢2) Ao + pr1Xs) = 0, (44)
From Eq. (44), we obtain the following coefficient matrix of p1, g1, p2, g2

& — kpoB + 3By —kqoBs ) 0 A 0 D1 0
0 0 @ — kpofi + k*ps —kqo33 e | |0

0 qg)\g qO)\g —w — ]%2/\1 + qS)\Q P2 B 0

GoXs @ — kA + g2 0 @A iz 0

The above coefficient matrix has a nontrivial solution when the determinant vanishes. By ex-
panding the determinant, we derive the following dispersion relation:

—* + ma@® + med® + Mm@ 4+ my =0, (45)
where
my = k? (%2 <—p051 + /2?2@) AL — qgﬁ?))\?)) <<—p051 + /%2B2> (/%2/\1 - 2(](2))\2> - 9353)\3) )
my = 20 (=pof + K28 ) M (KN = 2682 + 2ka3Bs (—F2\ + gdha ) A,
mg = —k? (p(Q)B% - 2/;’2}?05152 + 1%453 - ];'2)‘% + 2q§)\1)\2) )
ms = 2kpofr — 2k>B.
It is noted that the coupled NLS-KdV equations are modulational stable for any wavenumber k
if and only if four roots @ of Eq. (45) are all positive real numbers. However, it is not so easy to

find the roots of Eq. (45), since we have to employ the existing complicated analytical formulae
and the associated criteria for the roots of a fourth-order polynomial. Therefore, we consider a

k? v/ A
special case of initial incidence powers, namely, pg = ﬂ, qo = —1, which simplifies Eq. (45)

B V2
KOBININZ
M N

Now, the solution of dispersion relation of Eq. (46) is,

to

R S AL 0. (46)

\/ BoN7 (122303 - 46343

1 ~
O=+—\|k*\ £ 47
\/§ 1 AQ ( )
Thus, we observe that the modulation instability of the Eq. (1) occurs when either
i (i%QAng - 45§A§> <0 (48)

11



or

\/ BNz (k22333 - 4633)
A2

N2+ <0. (49)

~

Moreover, we investigate the modulation Instability gain spectrum G(k), which is determined by
the maximum absolute value for the imaginary part of the wavenumber and defined as

\/ B3 (R2A2A3 — 45303
A2 ’

G(k) = 2Im(w) = \/§Im[ FAN2 £ (50)

=2 -1 0 1

(=]

Figure 8: Gain spectrum of modulation instability for Eq. (1) when A\; = A3 =83 =1and \y =3, 2, 1
(From bottom to up).

In Fig. 8, we plot the gain spectrum of modulation instability for three different values of A1, Ao, A3
and [Js.

6 Conclusions

In this study, two effective methods, namely, the extended sinh-Gordon equation expansion method
and the solitary wave ansatz method have been successfully applied to obtain dark, bright, com-
bined dark-bright, singular and combined singular soliton solutions of the generalized coupled
NLS-KdV equations. To our best knowledge, the application of proposed methods to the model,
and the received combined soliton solutions are new, which have not been reported earlier. More-
over, by applying the concept of linear stability analysis, the modulation instability analysis of
the stationary solution is studied and the MI gain spectrum is reported for the proper choice of
initial incidence powers. The dynamical behaviour of the obtained solutions are demonstrated in
Figs 1-8.
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